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j^J} Abstract. In his pioneering work [4], H. Garland constructed Eisenstein series on afline Kac- 

Moody groups over the field of real numbers. He established the almost everywhere convergence 
of these series, obtained a formula for their constant terms, and proved a functional equation 
for the constant terms. In his subsequent paper [5], the convergence of the Eisenstein series 
was obtained. In this paper, we define Eisenstein series on afline Kac-Moody groups over global 
function fields using an adelic approach. In the course of proving the convergence of these 
Eisenstein series, we also calculate a formula for the constant terms and prove their convergence 
and functional equations. 



Introduction 

Classical Eisenstein series are central objects in the study of automorphic forms. The classical 
Eisenstein series were generalized to the case of reductive groups and studied by R. Langlands 
|13|, I14j. As in the classical case, he found these Eisenstein series have certain analytic properties 
as well as Fourier series expansions where L-functions appear in the constant terms. Because 
of this relationship, these L-functions inherit important analytic properties from the Eisenstein 
series. This approach to studying automorphic L-functions is known as the Langlands-Shahidi 
method. (See [7J for a survey.) The Eisenstein series over function fields were studied by G. 
Harder in [8]. 

In [2], H. Garland defines and studies Eisenstein series on afline Kac-Moody group over R. 
He proved the almost everywhere convergence of the series while placing specific emphasis on 
calculating the constant term, finding its region of convergence, and proving functional equations 
of the constant term. More precisely, let Gr be an affine Kac-Moody group over R. For each 
character \ °f the positive part A of the torus, he defines a function <2> x : A — > C x and, as in the 
classical case, uses the Iwasawa decomposition Gk = K All to extend <3? x to a function on Gr. 
Garland extends this group by the automorphism e~ rD £ Aut(V^), where r > and D is the 
degree operator of the Kac-Moody Lie algebra associated with Gr. Setting & x (ge~ rD ) = § x (g), 
he defines an Eisenstein series E x on the space G^e~ rD C Aut(Vj^) by 



E 



7Gr/(rnB) 

where T is a discrete subgroup of Gr. 



2000 Mathematics Subject Classification. Primary 22E67; Secondary 11F70. 

1 



2 



K.-H. LEE AND P. LOMBARDO 



With suitable conditions on the character x, Garland proves the almost everywhere convergence 
of E x and calculates the constant term of this series, E x , representing it as a sum over the affine 
Weyl group W: 

(ae- rD ) w ^ + ^- p c( X ,w). 

Here the function c(x, w) is a ratio of completed Riemann zeta functions, £(s) := 7r _s / 2 r(|)£(s). 
After establishing when this infinite sum converges, he proves functional equations for the con- 
stant term E x . In [5], Garland proves the Eisenstein series E x converge absolutely. 

For an arbitrary field F, we can construct an affine Kac-Moody group Gf ([2])- Let V be the 
set of places of F. In this paper, we consider the fields F v for v £ V, completions of a global 
function field F . We work adelically and define an Eisenstein series E x on Ga, a restricted direct 
product of the groups Gf v . Then we calculate the constant term of the Eisenstein series E x and, 
as in Garland's work, find that we can express the constant term as an infinite sum over the 
affine Weyl group. Moreover, this expression contains c(x, u;)-functions composed of ratios of Cf, 
the zeta function for the function field F. This calculation leads to a proof of convergence of the 
Eisenstein series. 

Theorem 0.1. Let x € fj* such that Re(x(h ai )) < —2 for i = 1, . . . , I + 1, and let m = (m u ) u< zy 
be a tuple such that m u G Z>o and < Ylu m v < 00 • Then the Eisenstein series 

E x (hr, mD u) := Yl $x(hv mD wy) 
■yef F /(r F nB F ) 

is convergent for all (h,u) € H& x Ua/(Ua nf>). f5ee A3. 12H for the definition ofrj mD .) 

The zeta function £p, which appears in the c(x, «7)-functions of the constant term, satisfies a 
functional equation. Using this, we prove that the constant term of the Eisenstein series satisfies 
a family of functional equations indexed by elements in the affine Weyl group. 

This paper has seven sections. In Section 1, we will provide a basic construction of an affine 
Kac-Moody Lie algebra and its corresponding groups, and then proceed to Section 2 where we 
prove an Iwasawa decomposition for these groups. Section 3 uses the Iwasawa decomposition to 
define an Eisenstein series. We also describe the characters we use for this definition and our 
analogue of the automorphism e~ rD that appears in Garland's definition above. In Section 4 
we calculate the constant term of our series. The content of Section 5 establishes the region 
of convergence for this infinite sum, which we use in Section 6 to prove the convergence of the 
Eisenstein series E x . Finally, in Section 7 we make use of the functional equation for (j? to prove 
functional equations for the constant term of our Eisenstein series. 

Acknowledgments. We are greatly indebted to H. Garland for his inspiring works on this 
subject. We especially thank him for reading an earlier version of this paper, which was the 
Ph.D. thesis of the second author. We were informed that M. Patnaik also considered loop 
Eisenstein series over function fields in his thesis [15] without writing up details for convergence 
of the Eisenstein series. Instead, his thesis focused on geometric aspects of the Eisenstein series. 
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1. Affine Kac-Moody Lie Algebras and Groups 

In this section, we describe the affine Kac-Moody groups that we use to define our Eisenstein 
series. We will first fix notations for an affine Kac-Moody Lie algebra Q e . Then, following 
Chevalley's construction, we will use automorphisms of a representation space V x of g e to define 
the associated affine Kac-Moody group G x . 

1.1. Affine Kac-Moody Lie Algebras. Let g be a simple, real Lie algebra. Then we define 

(1.1) s e = <8>g) ®Rc®RD, 

and endow Q e with the standard bracket operation. (See [5] or [H].) In the expression above, c 
is a central element and D is the degree operator that acts as t4r on R[f, ® g and annihilates 
c. We set 

(1.2) f) e = f) + Mc + M.D, 
where f) is the Cartan subalgebra of q. We also set 

(1.3) = (M[i, t" 1 ] <g> g) ® Mc and J) = fj + Mc. 

Let A be the classical root system of 0, and denote the simple roots by {a\, . . . , ai} and the 
highest root by ao- Then the affine roots A of Q e contain I + 1 simple roots {qi, . . . By 
setting 5 = ao + 07+1, we can describe the set of affine roots A associated to g as 

(1.4) A = {a + n5 \ a G A, n G Z} U {n5 \ n G Z^ }- 

The set of affine Weyl (or real) roots is denoted by Aw = {a + n5 \ a £ A, n G Z}. 

The set of the affine roots decompose into a disjoint union of positive roots A + and negative 
roots A_ = — A + , where 

A + = {a + n5 | a G A + , n G Z>o} U {a + n5 \ a G A_, n G Z>o} U {n5 \ n G Z>o}. 

Similarly we can describe the positive and negative Weyl roots by setting 

(1.5) Avk,+ = {« + nS \ a G A + , n G Z>o} U {a + nS \ a G A_, n G Z>o}, 
and Avi/,- = -A^ + . 

Let . . . ,h ai+ i} denote the set of simple co-roots associated to the affine simple roots 

ai, . . . , aj+i. In general, for any a G A, we let /i a denote the corresponding co-root. Recall 
that we have the Killing form ( , ) on [), which we normalize so that (h ao ,h ao ) = 2. As in 
[4], we extend this bilinear form to a non-degenerate, bilinear form on f) e . For each simple root 
ai,... ai + i G A, we define a simple reflection Wi G Aut(f) e ) for i = 1, . . . , I + 1 by 

(1.6) Wi(h) = h - a.i{h)h ai . 
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Then the affine Weyl group W is defined to be 

W=<Wi | i = + l > C Aut(f) e ). 

We have 

(1.7) W = WkT, 

where W is the classical Weyl group, and T is a group of translations that we can index by 

H£*)z ana, mi)- 

As with g, the algebra g has a Chevalley basis which we can construct using the Chevalley 
basis for g ([2]). First, fix a Chevalley basis for g, 

* = {h ai , ■ ■ ■ , h ai } U {E a } a( z A . 

Now we define some important elements of g. For each a = a + n5 G A^y, we let 

= t n ® -E Q and £i(n) = t n ®h ai for z = 1, . . . , /. 

Also, we set /ij = for i = 1, . . . , I, and hi + i = —h ao + ( ao 2 Qo ) c - Using these elements, we fix a 
Chevalley basis for the algebra g: 

# = {hi, . . . , h l+1 } U {£ a } ae ^ w U {& (ra)}i=i,... A „ e z> - 

Finally, we denote the Z-span of ^> by Qz- Then g^ is closed under the bracket operation [ , ] 
for g e . Using gz, we can make sense of an affine Kac- Moody Lie algebra over an arbitrary field 
F by setting 

(1.8) Qp = (F <giz flz) © FT). 

Let D denote the set of A G (I) 6 )* such that for % = 1, ...,/ + 1 we have \{h ai ) G Z>o and 
^{hati) 7^ f° r some i. This is the set of dominant, integral, normal weights of g e . In [2] we 
see that for each A G D, we have an irreducible g e -module, V x , with a highest weight vector v\. 
This V x contains a Z-module satisfying 

If \m 

(1.9) ^L- ■ vi c v£, 

m! 

for any a G A^y and m G Z>o- We fix this Z-module V% and call it the Chevalley form of 
y A . The representation space V x and VJ^ decompose into a direct sum of weight spaces, V* and 
= V* fl V^, respectively. As a highest weight module, we know that any weight \i of V x is 
of the form 

l+l 

(1.10) jU = A - y^fciai, 

i=i 

where fcj G Z>o- For an arbitrary field F, we set Vp = F <S>z V%- Then V$ is a highest weight 
gji-module. 

In the next subsection, we will use the elements of gj. to describe some special automorphisms 
of the vector space Vp. These automorphisms generate the affine Kac- Moody group over the 
arbitrary field F. 
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1.2. Construction of Affine Kac-Moody Groups. Let F be an arbitrary field. For a G A\y 
and s £ F, we define the automorphism Xa(s) of Vp as 

n>0 

By (jl.9p we know that this definition works for fields of arbitrary characteristic. For each v G Vp 
and a G A^y, there exists an no such that for all n > tiq we have 

n\ 

Hence for each v G and a G Aiy, the sum in (jl.lip acts as a finite sum ([2]). 

We let F((X)) be the field of Laurent series in the variable X with coefficients from F. Then 
(j G F((X)) has an expression as a = SiX 1 where io G Z and Sj G -F. For a G A (the classical 

roots), we let 

(1-12) Xa(o-) = Y[ Xa+is{Si)- 

i>io 

For each v G Vp there exists an ik such that for all i > ik, Xa+is(s) ■ v = v for any s G F and so 
for each u the product in ()1.12j) acts as a finite product ([2]). 

As a result of these observations, each Xai ') is an automorphism of the representation space 
VP. Finally, we make the following definition. 

Definition 1.13. Let F be an arbitrary field and A G D. The affine Kac-Moody group associated 
to g F and its representation space is the following subgroup of Aut(Vp): 

(1-14) G F = < xM | a G A, a G F((X))) . 

Remark 1.15. 

(1) Since we are considering the automorphisms of Vp, our group depends on the choice of 
A. We fix a A G D and drop the A from our notation. 

(2) One may note that in the construction of Gp we only used elements of g and ignored 
the degree operator D. In section 3, we will extend our group Gp by a particular auto- 
morphism i] mD related to D, thereby establishing a more complete relationship between 
5p = Qf © FD and our group. Garland extends his group in a similar way by the 
automorphism e~ rD for r > ([1], [5]). 

In the next section, we will begin working with this group when F is a field with a non- 
Archimedean absolute value. Our first objective is to develop an Iwasawa decomposition for Gp 
in this case, from which we will be able to begin defining our Eisenstein series. 
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2. Iwasawa Decomposition for Affine Kac-Moody Groups 

In this section, we prove an Iwasawa decomposition for Gp, where F is a local field with a 
non- Archimedean absolute value. In particular, we will apply this result to the groups Gp v = G v , 
where F v is a completion of a global function field F. 

We now consider the particular case of Gp v := G u , where F v is an arbitrary field with a non- 
Archimedean discrete valuation v. For x G F„ let \x\ u denote the absolute value that corresponds 
to the valuation v. We define O v = {x G F v | \x\ v < l} and V v = {x G F u | \x\ v < l}, noting 
that V u is the unique maximal ideal of the ring O v ■ 

For any a G Aw and s G F* , we set 

w a {s) = Xa(s)x-a(-s^ 1 )Xa(s) and h a (s) = w a (s)w a (l)~ 1 . 

Likewise, for a G A and nonzero <r G i^((X)), we set 

w Q (cr) = Xa(cr)X-a(-^ 1 )Xa(^) and h a (a) = Wai^w^l)' 1 , 

Using these elements, we can define the subgroups of G v that appear in the Iwasawa decompo- 
sition of the affine Kac-Moody group. We let i^fpf]] C F V ((X)) denote the ring of power series 
over Fv We then set 



Uv = (XaO) 
H u = ( (s) 



a £ A+, a € F V [[X]] or a G A_, a € XF U [[X]} ), 
i = 1,... ,1 + 1, s€Fj 



and define 5 V to be the group generated by U v and H u , which can be realized as a semi-direct 
product H u x U u - Finally, set 

a £ A, a e Ov((X))\ , 



Kv = ( Xa(o") 

where is defined above. 
Lemma 2.1 Q2j, §14 ). Let N u = (w a (s) 



a G Ayy, s eF u x ),W = N u /(Nv D B„) = N v /H v , 



and S = {w ai (1) | i = 1, ...,/ + 1}. XTien (G„, B^, iV„, 5) is a BN-pair for G v . 

Remark 2.2. There is a natural isomorphism between W = Nv/(Nv H -B^) and the affine Weyl 
group Vi^ = (wi \ i = 1, ... ,1 + l), which identifies the element u> Qi (l) for aj with the simple 
reflection w^. See [2]. 

In light of the theory of BN-p&irs ( |12j §5, [9] §29), we have the following facts regarding G v : 

Corollary 2.3. For the affine Kac-Moody group G v we have: 
(1) G v = B u wB v (disjoint union). 
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(2) For w G W, let w = Wi 1 ...Wi k be a reduced expression. Then we have B v wB v = 
Yi t . . .Y{ k B u , where Y\ is a set of representatives for the cosets (B u WiB u )/ B u , for each 
i = + 

We continue by choosing a specific set of coset representatives for each Y^. To this end, we 
recall the following lemma from [2], §16: 

Lemma 2.4. Every element x G B u wB v has an expression 

x = II ) w y 

\aeA u , / 
where s a G F v , y G B v , and A w = Aw,+ H wA^_. 

In particular, if we take w = Wi for some i, each element x G B u WiB u has an expression as 
x = Xa l (s)w i y with y € B u . 

Now since we choose our Y^s to be representatives of the coset space B v WiB / B u , we can choose 
our Yi's to consist of elements of the form Xai(s)wi where s € F v . 

Lemma 2.5 ([2j, §16). For an arbitrary field F, and any a € A^, we have a homomorphism 
(p a : SL2(F) — > Gf that is defined by the conditions: 

Mill)) = Xa(s), ¥>«((*?)) = X-a(s), M(AD) =W a (l), Va(( r oA)) = W 
for s € F v and r G F* . 

For the field F u , we know that the group SL2(F U ) contains the subgroup B consisting of 
upper triangular matrices, and the subgroup K = SL2(O u ). Moreoever, we have the Iwasawa 
decomposition SL2(F U ) = KB. For more information see [TO], §2. 

Lemma 2.6. We have the following: 

(1) <p a {B) c B u , ifae A w& . ^ 

(2) <fa(K) C K u , for any a G A w . 

(3) We can choose the elements of Y^ for i = 1, ... ,1 + 1, so that they are the images through 
(fcti of elements in K. In particular, we may assume that Y{ C K v for i = 1, . . . ,1 + 1. 

Proof. (1) Consider an arbitrary element (q fi ) G B. We can express it in the following way: 

(5r i O = (5r-0(S^*)- 

Thus <^ a ((o r' 1 )) = ^a( r )Xa(^ _1 -s). Since B u is generated by H v and U„, it suffices to show that 
Xa{r~ l s) G U u . Since we assumed that a G A\y,+, we know a = a + n5 where either n = and 
a G A_|_, or n > and aGA. We can write Xa( r ~ ls ) = Xa(o~) by setting a = (r~ 1 s)X n (see 
the definition of Xa(o~), §1). The conditions on a and n guarantee that Xa{&) G U u . Therefore, 
when a G Ay/,+ we have the desired result. 
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(2) We know that 



* = ((3f).(i>?) 



s,s' £ O v 



(see [10], §2 ), and so an arbitrary element of K will be a finite product of these matrices. As a 
result, the image of an element in K through the homomorphism ip a will be a finite product of 
Xa(s) and X-a(s') with s, s' £ It suffices to show that Xa(s) and X-a(s') are elements of K v . If 
a = a + n<5, then —a = —a — nS and we can express Xa(s) = Xa{sX n ) and X-a(s') = X-a(s' 'X~ n ). 
Since the coefficients s and s' are each elements of O u , we have that Xa( s ) an d X-a(s') are elements 
of it- 

(3) Recall that Yi is a set of coset representatives for (B u WiB u )/ B u , for wi £ S. By Lemma 
12.41 we can choose these representatives to be of the form Xon(s)wi for s £ i^, but then 

Xa, («)^ = J ? )) Va, (( -1 )) = Vat (( Ij ))• 

However, by the Iwasawa decomposition for SL2(F), we know that (Zfo) = fo r k £ K 
and b £ B. Thus, we have Xcti( s ) w i = Paiitytfaiib) and by part (1) of this lemma we know 
that the coset Xa l (s)wiB = ip ai (k)ip ai (b)B = ip ai (k)B. So we can take our representatives for 
{ByWiBy) I B v to he of the form <p ai (k) for some k £ K. Finally, part (2) of this lemma implies 
that we can choose our Yi to be a subset of K v . 

□ 

Now we can prove that for any v £ V, the affine Kac-Moody group G v has an Iwasawa 
decomposition. 

Theorem 2.7 (Iwasawa decomposition, [2]). Let F v be a field with a non- Archimedean discrete 
valuation v , and let G u be an affine Kac-Moody group over F u . Then 

G v = K v H u U v , 

where K v , H v , and U v are defined as above. 

Proof. We have already established a Bruhat decomposition for G u ; in other words, 

G v = (J B v wB v . 

wew 

Since this is a disjoint union, it suffices to show that each B v wB v decomposes in the desired 
way. It follows from Corollary 12.31 and part (iii) of Lemma 12.61 that for each w £ W we have 
B v wB v C K U B U , and thus G v = K V B V . We have already observed that B v = H v X U u , and so 
we obtain the Iwasawa decomposition: 

G u = K v H u U u . 

□ 



The Iwasawa decomposition of an element is not uniquely determined. See Remark 13.21 and 
Corollary EUJ 
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3. Defining the Eisenstein Series 

For the remainder of this paper, we set F to be a global function field of genus g. Let V denote 
the set of all places of F, and for v G V let F v denote the completion of F with respect to v. 
As in the previous section, we let | • \ v denote the corresponding non- Archimedean absolute value 
on F u , and we define the local ring O v and its maximal ideal V v as before. We fix a uniformizer 
ir u G O u , so tt u generates the ideal V v . Finally let the integer q u denote the cardinality of the 
residue field O v jV v . 

In this section, we will use an adelic approach and define our Eisenstein series on the group 
Ga, a restricted direct product of affine Kac- Moody groups over the completions of the field F . 

3.1. The Adelic Approach. Using the completions F u , we define the adele ring A as the 
restricted direct product: 

A = Y\ Fvi with respect to the subrings O v . 

uev 

The units of this ring, the group of ideles A x , can also be realized as a restricted direct product: 

A x = JJ' F*, with respect to X , 
uev 

where O* = {x G O u \ \x\ u = 1} C O u . For s = (s u ) G A x , we define the idelic norm 

w-n 



uev 



We set G v = Gf v and define the group Ga as the following restricted direct product: 

Ga = JJ G u , with respect to the subgroups K u . 



uev 

In order to define our Eisenstein series on Ga, we must first establish an Iwasawa decomposition 
for this group. With the appropriately defined subgroups of Ga, this will be a direct result of 
Theorem 2.10. To this end, we distinguish the following subgroups of Ga: 

K=]jK u , H a = n' H u and U A = ]j' U u , 

uev uev uev 

where the restricted direct products are with respect to H u n K u and U u n K u , respectively. 
Theorem 3.1. We have the following Iwasawa decomposition for the group Ga- 

G a = KH A U A . 

Remark 3.2. In [2j, Garland develops an Iwasawa decomposition for the group Gr and estab- 
lishes that the decomposition of an element is unique. In our setting, the Iwasawa decomposition 
of an element is not unique. This is potentially problematic because we will use this decompo- 
sition to define the Eisenstein series. However, we will see in Proposition 13.101 that due to the 
structure of H A this is not an issue. 
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3.2. The Structure and Topology of the Torus. We fixed a normal weight A G D, and hence 
a g e -module Vp . It is a highest weight module, so we let v\ denote the highest weight vector. 
In [2] we see that the representation space Vp decomposes into a direct sum of its weight spaces 

V k = V i,K, where V*; Fv = {v € Vl \ h- v = n(h)v, h€§°}. 

Moreover, every weight of Vp is of the form [i = A — Ya=i ^i a ii f° r e <^>o- Using this unique 
expression, we define the depth of \i as 

l+l 

dpO) = X) ki • 

i=l 

We fix a basis of V% by choosing basis vectors {v\, v%, . . . , v n , . . . } in and ordering them 
so that 

(1) if Vi S € V^} z , and i < j, then we have dp(/x) < dp(/i'), and 

(2) for each weight of V%, the basis vectors of V^ z appear consecutively. 

A basis of that satisfies these conditions is called coherently ordered. It is important to note 
that since we chose our basis vectors from V%, the basis B serves as a basis for Vp as well as 
Vp^ for every v € V. The advantage to fixing such a basis is that with respect to B we can view 
the elements of H v as (infinite) diagonal matrices which are scalar matrices when we restrict 
to a weight space. In addition, the elements of U v are strictly upper triangular block (infinite) 
matrices where the blocks are determined by the weight spaces ofF z A . For more information, see 

By this observation, we can clearly see that elements of H u commute with each other, and H u 
normalizes the subgroup U v . Since this holds for all v E V, we obtain the same results for 
and Ua- 

Because the definition of our Eisenstein series depends on it, we are interested in studying the 
structure of i?A- Let h G Ha- Considering the local components, we let 

l+l 

h v = W^h ai (si^). 

i=i 

As a result, we may write h G H& as the following product: 

l+l 

h = l\_h a .((s ijV ) ueV ) . 

i=i 

We will prove the following: 

Proposition 3.3. Assume that A £ D. Suppose that 

i+i 

h x = Hh^(s i)U )eH^nK^. 

i=l 
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Then we have ord v (sj )I/ ) = for i = 1, . . . , I + 1. 

Remark 3.4. We have included the superscript A above since we must consider different A's in 
the proof below. 

Proof. As a consequence of Lemma 15.7 and Theorem 15.9 in (2j, we know that for each funda- 
mental weight Aj there exist a positive integer m; and a surjective group homomorphism 

7r(A,mjAj) : G x -> G™ iA \ 

and this homomorphism is characterized by the fact that it maps Xa(°~) to X™ iAi (°~)- As a result, 

l+i i+i 



i=l i=l 
\l+l lA /„. \ J hrriiKi _ Tll+1 urriiki 



as well. Set h x = UlLl haM,») and hm ' A ' = UiLl K? Ki • Since h x G H x n K x by assump- 

r m i K i=Fv ^ v m 



tion, we have /i m * Al G H™' A T)K™ tA '. Choose a highest weight vector l®v G VT lA! = F u ®Vp Kl 



Then by [2] we know that 

2+1 / 2+1 



(3.5) . (i ® v) = n ^ .(i®«)= n v 4 ® « = ® «. 



i=l \ i=l / 

Since elements of K v preserve the subspace Vq , we have ord^s^i,) > 0. 

Moreover, since H X C\K X is a group, we know (/i A ) _1 = n$=i ^a;( s i~J) ls a ^ so m ^ ne intersection. 
Applying the argument above to (/i A ) _1 , we find ord I/ (sj iI/ ) < 0. Thus we have ord I/ (si il/ ) = for 
each i = 1, . . . , I + 1. 

□ 

Corollary 3.6. T/ie subgroup < may be realized in the following way: 

Si G A x I . 



r z+i 



i=l 



Proof. Proposition 13.31 shows that for almost all v G V, we have Sjj, G X . As a result, these 
infinite tuples Sj are actually elements of A x . □ 

Remark 3.7. We have a surjective group homomorphism i? : (A x )' +1 — >■ //a defined by 

l+l 

(si, s 2 , • • • , (->■ ft = J| /i^ (Si). 

i=l 

The group (A x )' +1 inherits the product topology induced by the usual topological structure of 
A x , and we give the space the quotient topology induced by the map We will use the map 
$ again in Section 5. 
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3.3. Characters. Denning our Eisenstein series on G& requires that we specify a character of 
the subgroup Let | • | be the idelic norm. We define a character by fixing a linear functional 
X G fj* and setting 



l+l 



i=i 

when h = Y]^t\ h a% {si) G H A . 

Remark 3.8. If h G flK, then h = ]J^t\ h ai (si) with s, G ELev B y our definition of x, 
we see that h x = 1 for any /i G Ha H K, since |sj| = 1 for each i = 1, ...,/ + 1. 

Fix x £ [)*, and define <3? x : G& — ► C x to be the function induced by the character % on Ha 
and the Iwasawa decomposition for G&. In other words, if g = k h u is an element of then 
we set 

$ x (g) = $ x (khu) = hx. 
We noted earlier that the Iwasawa decomposition for Ga is not unique, so we need to prove that 
this function is well-defined. 

Lemma 3.9. For any place v G V, the subgroup B u n K u is the semidirect product (H u n K u ) x 

(L^n^). 

Proof. With respect to the coherently ordered basis B, the elements of K u are matrices with 
elements from the ring O v and the elements of B v are upper triangular block matrices. Thus, 
we can view b G B u n as an upper triangular infinite block matrix with entries from O u . By 
the definition of B u , we know that b = hu for /i G -ff^ and u G U u . In fact, with respect to £>, 
the matrix /i will be diagonal with the same diagonal entries that appear in the matrix b. In 
particular, h G H u n K v which also implies that u G U u D K v . □ 

Proposition 3.10. Let g = khu = k' h' v! be two Iwasawa decompositions for g G G&. Then 

<$> x (k' h'u') = <$> x (khu). 

In particular, $ x is a well-defined function from Ga into C x . 

Proof. We begin by noting that if khu = k' h' u' , then 

k'~ l k = tiu'ihuy 1 G -E>a H K. 

By Lemma 13.91 k'~ 1 k = hu with h G ^a H K and u G C/a H K. Using this information, we see 

k! h! u = khu = k' huhu. 

Since normalizes we can express k' h' u' = k' hhui, for some u\ G 17a. Finally, we observe 
that by Remark 13.81 we have 

$ x (k'ti v!) = <5> x (k' hhm) = (hh) x 

= h x h x = h x = § x {khu). 

□ 



EISENSTEIN SERIES ON AFFINE KAC-MOODY GROUPS OVER FUNCTION FIELDS 



13 



Corollary 3.11. The component of an Iwasawa decomposition is uniquely determined up to 

Proof. From the proof of the above proposition, we obtain h' u' = hhu\. Since = tx 
we actually have h! = hh. □ 

3.4. An Important Automorphism. As in [2], we need to extend the group G^ by an auto- 
morphism related to the degree operator D that appears in the associated affine Kac-Moody Lie 
algebra 

e = (c[t, t- 1 ] ®g)ecc© cd. 

In [3J, Garland uses e~ rD € Aut(V^) for r > to extend the group Gr; however, in our case we are 
considering the restricted direct product G&- For this reason, we first define local automorphisms 
^rn„D g Aut(Vp ) for each v € V, and then work with a product of the local automorphisms. 

For each v £ V and integer m v 6 Z, we define rf^" jD to be the automorphism of Vp defined 
by the conditions 

(1) the automorphism w™ vD fixes each weight space V^ Fv , and 

(2) we have rj™» D ■ v = n™" KD) v for v £ V* Fv . 

Since rf^ vD acts as scalar multiplication on the weight spaces, we can consider this automor- 
phism as being a diagonal block matrix with respect to the coherently ordered basis B, and as 
such the automorphism will commute with H u and normalize U v . Moreover, note that if we chose 
m v = 0, then rf^" D is the identity map. 

We fix a tuple m = (m u ) v eV such that m u € Z and m u = for all but a finite number of v. 
By doing so, we fix the associated automorphism rj mD defined as the product 

(3.12) v mD = Hv^ D e n Aut (^)- 

We will define the Eisenstein series on G&rf 710 for our fixed automorphism r] mD . In particular, 
we will consider <3? x as a function on GAn mD by setting < I ) x (5?/ mD ) = & x (g). 

3.5. Defining the Eisenstein Series. For each completion F v , there is the natural injection 
i v : F F u which induces the injection F((X)) •— > F U ((X)) by sending 

j2s l x i ^^2i u ( Sl )x i . 

i>io i>io 

From this map, we see that there is a natural injection i v : Gf G u for each v 6 V, and we 
may define the diagonal embedding i : Gf ^ Flj/ev ^ by 

The image of the map i is not entirely contained in the group Ga. To see this clearly, we construct 
an example of an element from Gf that does not diagonally embed into Ga- 
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Example 3.13. Let F = ¥ q (T). It is well known that all but one of the places (the "infinite" 
place corresponding to ^0 are indexed by monic, irreducible polynomials in F g [T]. We let f v {T) 
denote the polynomial associated with the place v. Set 

a = T + -^-X + -^X 2 + -^X 3 + ..., 

JU 1 JU2 J l>3 

where we set the coefficient of X 1 to be j— for some Vi that has not previously appeared in the 

expansion. Clearly, we have j- G ¥ q (T) for all u, so a G F((X)). However, by design a £ O u {{X)) 

for an infinite number of v G V, and as a result i v {Xai a ')) is n °t an element of K v for an infinite 
number of v. Therefore, z(xa(c)) ^ G&. 

Keeping this example in mind, we consider the subgroup Tp defined by 

f F = {g G G F | i(g) G G A }. 

By an abuse of notation, Tp will be considered as a subgroup of Gf as well as where in the 
latter case we consider the elements as being diagonally embedded. Note that that h x = 1 for 
any h G Ha HTf and % € f)*. We also have the subgroups Hp, Uf and Bp of the group Gf. 

In the definition of the Eisenstein series, Tf/(Tf H .Bp) will be the coset space over which we 
index our sum. Before continuing, we first establish the following facts about <3? x . 

Lemma 3.14. Let g, j3 G Gx, and 7 G fp H £p; i/ten 

ft) * x fofc') = (/i') x *x(ff) /or ™l/ e #a, 

$x(#7) = *xG/)> and 
(3) d> x ( OT m ^/3 7 ) = $ x ( OT mD /3). 

Proof. (1) We write 5 = khu according to the Iwasawa decomposition. Since H A normalizes U A , 
we have 

$ x (gh') = $ x (khuti) = $ x (khtiu'). 
Now by definition of we know 

$ x (khtiu') = {hh'Y = {h) x {h') x . 

Since h is the -B^-component of g, we know this last expression equals (h') x & x (g). 

(2) Using an argument similar to that of Lemma 13.91 we can show that for any 7 G Tp H 
we have a decomposition 7 = /iiui with /ii G Ha fl fp and u\ G C/a- Using our Iwasawa 
decomposition, express g = khu. Then 

^xioi) = § x {khuhiui) = $ x (khhiu'ui) 
= (hhx) x = (h) x = $ x (g), 

where the second to last equality holds because hi G dtp . 
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(3) As before we let 7 = h\U\ with hi G Tp n Ha and u\ G {7a- Since r/" 113 commutes with 
Ha and normalizes Ua, we see r] rnDr y(r] mD )~ i = h\U2 for some 1*2 € Ua- Let rj mD f3 = (3'rj mD for 
some /?' G Ga- Then 

We know <£> x is right invariant by Ua, and in light of part (1) of this lemma, the following equalities 
hold: 

<S> x (gf3'h lU2 ) = ^(gP'tn) = (h^^g/3') = <D x ( 5 /3') 
= $ x (gP'v mD ) = <£ x (OT mD /3). 

□ 

Due to part (3) of the previous lemma, the following definition of the Eisenstein series E x on 
the space GAr] mD is well-defined. 

Definition 3.15. For g G Ga and x £ &*j we define 

(3-16) E x (grT D ) = E *x(9V mD l), 

-ye£ F /(£ F nB F ) 

whenever the series converges to a complex number; otherwise we define E x (gn mD ) = 00. 

The goal of this paper is to prove the convergence of the series E x . Later, we will see that 
after some reductions we can consider E x (gn m D) as a function on the space Ha x Ua/(Ua HIV). 
In the next three sections, we will prove the following theorem: 

Theorem 3.17. Let x G f)* such that Re(x(/i aj )) < — 2 /or i = 1, . . . , Z + 1, and let m = (m u ) ue y 
be a tuple such that m u € Z>q and < Ylu m v < 00 • TTien the Eisenstein series 

E x (h V mD u) = $ x (hv mD ^) 
jeV F /(V F nB F ) 

is convergent for all (h, u) G Ha x {?&/ ({7a nTp). 

To prove this theorem, we first assume that x is a real character, so x : Ha ~~ * ^>o- As a 
result, the Eisenstein series E x takes values in 1R>oU{oo}. This assumption is not very restrictive 
because for any complex character x, the series E x is dominated by E^ua. Hence, we can apply 
the dominated convergence theorem for the complex case after we consider the real character x- 

As in Corollary 12.31 we see that Gf has the Bruhat decomposition into the following disjoint 
union 

G F = (J Bp w Bp. 
If we let Tf(w) = tp n {BpwBp) and define 

(3-18) E^ w {gr, mD )= £ & x (gr] mD ^/), 

7 ef F (w)/(t F (w)nB F ) 
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then the Bruhat decomposition above allows us to express our Eisenstein series as 
(3-19) E x (g V mD ) = E XyW (gn mD ). 

This is simply a regrouping of the sum in Definition 13. 151 As with E x , we can consider each E xw 
as a function on the space H\ x Ua/(Ua H Tf)- In order to prove Theorem 13.171 it suffices to 
show that 

(3.20) V / E XtW (hr] mD u) du < oo 

Juj(u,nt F ) 



for h varying in an arbitrary compact set of and for real \- 
If we establish the convergence (|3,20p . then 

V / E x , w (h V mD u) du = I V E x , w {hr, mD u) du 

we w Jij A/iUKnt F ) Ju A /(U A nt F ) ^ 

(3.21) = f E x (hr] mD u) du. 



JU A /(u A nr F ) X 

Note that the last expression is nothing but the constant term of the Eisenstein series E x . 
Definition 3.22. We set 



E*(g V mD ) =J2f- E x , w ( gr] mD u) du, 



J± 

and call E x the constant term of the Eisenstein series E x . 
In the next section, we will calculate the integrals 

E X)W (hn mD u) du 

u A /(u A nf F ) 

for w £ W. In Section 5, we establish the convergence (|3.20p when \ 1S a re& l character and h 
varies in a compact set of As a result, we will obtain the almost everywhere convergence of 
the Eisenstein series and a concrete description of its constant term. 



4. Calculating the Constant Term of the Eisenstein Series 

In this section, we simply state the existence and properties of the measures necessary for our 
calculation, leaving the details to Appendix A. Constructing these measures involves taking the 
projective limit of a family of measures. For now we will also refrain from showing that E x is a 
measurable function, a topic that we will address in Section 6. 
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4.1. Definition and Preliminary Calculation. From Appendix A, we have an invariant prob- 
ability measure du on the space £7&/ (U&C\Yf)- As was discussed at the end of the previous section, 
we now turn our attention to calculating the expression 

(4.1) Yl L E^ w (gr} mD u)du. 

we w ^/(E/Anrv) 

We first calculate the integrals 



u A /(U A nr F ) X 



E x , w (gr, mD u) du, 



for w € W. 



Let U-^f be the subgroup of Gf consisting of the elements that are strictly lower triangular 
block matrices with respect to our coherently ordered basis B of Vp. We define 

U W} f = Uf n wU-^fw -1 . 

Note that this definition works over F u as well, so the notations E/_ v and U wu are clear. Finally, 
we set U- t A and U w< a to be the expected restricted direct products. The Bruhat decomposition 
has this refinement: 

Gf = U Wj fwBf (disjoint union). 
Moreover, every element of u £ U w f is of the form 

(4.2) U= \{ Xa(Sa) f0TS a eF. 

(See [1] §6, [3] §6.) It is straightforward to check that U w> f C Yp, which implies 

f> n (u W)F wB F ) = u WyF w(t F n b f ). 

As a result, we can choose the coset representatives of Y p(w) /Y p(w)C\Bp to be {bw} for b € U w> p. 
Thus, 



L 



E x , w (9V mD u) du = [ V <f> x (g V mD wy) du 

JU ' ' " ■ ^ 



u A /(u A nr F ) Ju A /(u A nr F ) 

7Gr F (ui)/r F (w;)n-t<i? 



t/A/(t/Anr F ) 
We have the following decompositions: 

(4.3) Uf = U w ,f (Uf r) wUfw^ 1 ) and £> A = £4,,a (C7a n wC/a^ 1 ). 
This decomposition, along with the fact that C/ TO _p cTf, implies that 

(4.4) i> F nf> = ^,F(fj?n^n wU F w~ l ). 
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So we can consider the set of b G U w> p as a set of coset representatives for 

(f> n Up)/ (Tp nu F n wUpw^ 1 ). 

Since Tp HUf = Tp HUa, our integral 

/ Yl ^ x {gr] mD ubw) du 

becomes 

jm,D_.l 



(4.5) / <S> x (grT D u'w) du' . 

Here we consider the measure du' as the measure induced from du and the projection 

vr' : U A /(f F nUpH wU F w~ l ) -» u A /(u A n f F ). 

Using the decomposition (14.31) for U A , we observe that integrating over this coset is the same 
as first integrating over 

u A /{u A nwU A w- 1 ) 

and then over 

(u A n wU A w^ 1 )/(f p nu F n wUpw' 1 ). 

In Appendix A we see that the measure du' decomposes into measures du\ and du2 on these 
spaces, respectively. Using these measures and decompositions, we can manipulate our integral 
(|431) to be 

(4.6) L I [ ^ x (g V mD u lU2 w) du 2 ) d Ul , 

JUw.a \ J (UAr\wU A w- 1 )/(r F nu F nwU F w- 1 ) J 

where we set U WjA = U A /(U A n wUj^w^ 1 ). 

Since <J> X is i/A-right invariant, we let u 2 = w~ 1 u 2 w G U A and rewrite 

$ x (gV mD uiu 2 w) = $ x (gr) mD Ul wu' 2 ) = ^ x (grj mD Ul w). 

As a result, the integral (|4.6p becomes 

/ ( / <S> x (g V mD Ul w) du 2 ) dm. 

Ju w ,k \ J (u A nwU K w- 1 )/(t pnUpnwUpw 1 ) J 



Since the values <fr x (gr] mD uiw) no longer depend on u 2 and the measure du 2 has a total measure 
of 1, this equals 



/ <S> x (g V mD u lW ) d Ul f 
Ju,„ k J (I 

$ x (gri mD uiw)dui. 



du 2 

'u w a J (u A nwU A w- 1 )/(r F nu F nwUpw- 1 ) 



'U W:A 

The following proposition summarizes our results from this subsection: 
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Proposition 4.7. For g € Ga and w £ W , we have 

I E x , w (gr, mD u) du= I ^ x (gr, mD Ul w) dm- 

Ju A /(u A nf F ) Ju wA 

4.2. Further Calculation. We continue our computation by further manipulating the integral 
in Proposition 14.71 Fix an Iwasawa decomposition g = khu. Since rj mD normalizes Ua, we have 

$ x {gV mD uiw) = $ x {khuri mD uiw) = $ x (hri mD u'u lW ). 

The decomposition (|4.3|) allows us to write u' = u'_ u' + for u'_ € U w< a and u' + € Ua H wUaw^ 1 . 
Clearly, w~ 1 u' + w € Ua, so by the right invariance of <E> X we have 



$ x (hr] mD u'uiw) = <$> x {hr, mD u'_u' +Ul w) 

mD„,l „,/ „, /„,/ \ — 1„, , „„— 1„, / 



= <& x (hn mu u'_u' + m(u' + )-" WW -"u' + w) 

= $ x (hT] mD u'_u' + U 1 (u' + )- l w). 

The decomposition (|4.3p also induces the natural projection 

7T : U A -» U Wi a, 

and we obtain that 

$ x (/M7 mD «'_u>i(u' + rM = $ x (hr] mD u^ n{u' +Ul {u' + )- l ) W ). 

For any u\ € U Wi a and a fixed u + € D wUaw^ 1 , the map that sends ui to 7r(ii + ni(u + ) _1 ) is 
a unimodular change of variables, so the integral in Proposition 14.71 becomes 

<\' x lgr] mD uiw) d Ul = f $ x (hrj mD * u'_k(u' + u 1 (u' + )- 1 )w) dm 



^ x {hrT u_u x w) dm. 

However, note that u'_ € U w> a remains fixed as m ranges over U W) a, and since dm is U w ,£ 
translation invariant, our integral may now be expressed as 

(4.8) / <P x (hrj mD Ul w) dm. 

Continuing, we note that 

$ x (hr] mD mw) = ^(hrj^miv^^h^ww^hrt^w), 
and since w~ 1 hT] mD w € Ha, we obtain from Lemma 13.141 part (1) 

$ x (hr] mD mw) = (ii;- 1 /ir ? mD u;)x$ x (/ir/ mD ui(r ? mD )- 1 / i - 1 u;). 
Since (w~ 1 hrf nD w) x = (hr] mD ) wx , the integral (|4,8p becomes 

(4.9) (h V mD ) wx I ^ x (h7 1 mD m(v mD y 1 h~ 1 w)du 1 - 
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Set A w = A\y i+ fl w Aw,-- Then applying the change of variables 

hr j mD u 1 (hr] mD )- 1 



has the following effect on our integral in (|4,9p : 



(hrj 



mD\wx 



^ x (h7 1 mD U 1 (h V mD )- 1 w)du 1 = (h V mD ) WX (h V mD )-^ ! ^ x ( Ul w)dUt, 



where S = ^2 a. It is known (jSJ p. 50]) that 

^2 a = p-wp, 

a£A m 

where p G fj* such that p(h ai ) = 1 for i = 1, ...,/ + 1. Therefore, 

(lif^^fY 5 / *v(«iw)dui = {hr ] mD ) wx {hrf nD ) wp - f> I ^Ju x w)d Ul 



xv"! u/ / u,u, i ~~ V" - '/ / V" 1 '/ ; /„ ^xv 



(4.10) = (h v mD ) w (x + p1-p / ^(umOdm. 



Let U- !Wi a = w U Wi aw. Then u; G {7_ jW) a- So considering $ x (itiit;) for iti G U W ,A is 

exactly the same as considering $ x (ot_) for -u_ G U- w> &. Finally, since we may assume w G K, 
the K-left invariance of <l? x allows us to rewrite our integral (|4.10p as 

( hv mD)w(x+p)-p I * x ( U _)du_, 

where is the Haar measure induced by conjugating by u> _1 . 

Using Definition 13.221 our results from this section appear in the following proposition: 

Proposition 4.11. For any g G we have 

E*(gv m °) = Yl (h V mD ) w{x+p) ~ p f $ x (u_)du_. 



4.3. Calculating the Local Integrals. In this subsection, we shift our focus away from the 
global Ga and into the local pieces of G u . We aim to calculate some local integrals that will help 
us determine the value of the integral in Proposition 14.111 We will see in the next subsection 
that the integral in Proposition 14.1 ll may be expressed as a product of the local integrals that we 
discuss in this section. 

As before we use A w to denote Av^-f dwAyy^. Then A w is a finite set of affine Weyl roots that 
we can explicitly describe. If w = wi r . . . is a minimal expression in terms of the generators 
of W, then by setting f3j = Wi r . . ■Wi j+1 ai j , we have A w = {/3i, . . . ,/3 r }. Using these roots we 
can completely describe 

Uw,u = {Xf3 r (s r ) ■ ■ ■ X/?i(si) I Si G F v }. 
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For more information see ([3], §6) and (|3j, §6). Moreover, each element in this group is uniquely 
expressed in this way, so if we set Up. )U = {Xft( s ) I s £ F v }, then we have that U WjV uniquely 
decomposes into Up rjV . . . Up XjV . 

In §13 of p], we see that for any (3 G the effect of conjugation by w is 

(4.12) w xp(s) w" 1 G U w .p ;U . 
So if we set U- )W>ll = w^Uw^w, then 

U- tW]V = U w -ip r . . . U w -ip x 
with uniqueness of expression. Calculating these roots we find: 

w~ l (3j = w' 1 (w ir . . .Wi^otij) = (wjj . . .Wi r )(wi r . . .U7j 3+1 aj 3 ) 
= w h . . . Wy a ij = -w h . . . w ij _ 1 a ij . 
For convenience we set 7^ = . . . Wi j _ 1 ai j and conclude 

(4.13) U^ WjV = U„ lr>v ...U„ 11>v . 

Remark 4.14. Each of the spaces U— liU is isomorphic to F u , so we can define a measure on 
these spaces using this isomorphism and the usual Haar measure fi v on F u . The measure du- on 
U- WjU may now be considered the product measure induced by the \x v . For more information, 
see Appendix A. 

If we let w' = Wi r _ 1 . ..lOjj and j3'- = Wi r _ 1 . . . Wi j+1 ai 3 , then by the same construction we 
get that A w i = {/3[, . . . and hence U W ' )U = Up v . . . Up >v . Similarly, setting U~ jW i jV = 

(w'y 1 U-. w i v w 1 , we obtain its unique decomposition 

Recall that we fixed x £ so for every v £ V we can define a function <& x : G u — > R>o in 
precisely the same way we defined <I> X on If g = khu and h = Yii=\ h ai (si) for Sj G F*, then 
we let 

* x w = ^ = n 

1=1 

Remark 4.15. Using the same argument of Proposition 13.101 we may conclude that this map is 
well-defined. 

It is our goal in this subsection to prove Proposition 4.16 which calculates the value of the local 
integral involving the function <I> X on G u . As before, we let h a denote the co-root corresponding 
to a G Aw, and in particular, h ai for i = 1, . . . , I + 1 denote the simple co-roots corresponding to 
the simple roots «j. Finally, let p be the element of f)* defined by p(h ai ) = 1 for i = 1, . . . , I + 1. 

Proposition 4.16. Assume x{h ai ) < —2 for i = 1, ...,/ + 1. T/ien /or any z/ G V and w €W 
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The above identity is an affine analogue of the Gindikin-Karpelevich formula ([13 1). The proof 
is by induction on the length of w £ W. Our first step is to consider a local integral over a 
unipotent subgroup of SL 2 (F U ). 

For each v £ V and a £ Aw, we have a unique group homomorphism (p a from SL 2 {F V ) into 
by Lemma 12.51 Moreover, SL 2 (F U ) has an Iwasawa decomposition into KAU (|10|). where 

K = SL 2 (O u ), A = {( a 0a °„ 1 )\a£F*}, and U = {( Jf ) | £ £ F„}. 

We can define a real character on j4 by fixing a real number k and setting 

K _ ( a \k _ I |K 

a - l a- 1 ^ - l^- 
Using this character, we define the function <3? K : SL 2 (F U ) — > M>o by 

$«(s) = ^ K (kau) = a K for 5 = kau £ SL 2 (F U ), 

where k £ K, a £ j4 and u £ J7. 

Remark 4.17. The Iwasawa decomposition of SL 2 (F U ) is not unique for an element. However 
in [10], we see that if g = kau = k'a'u', where a= (° Q °i ) and a' = ,°j ), then \a\ v = \a'\ v . 
As a result, Q K is well-defined. 



We let [7_„ = {(si ) | s 6 ^} < SL 2 (F U ), and note that this group is isomorphic to the 
additive group -F„, and so we define a measure du,- on to be the Haar measure \i v on F v 
normalized so that O v has a total measure of 1. Then the following lemma is well-known. 

Lemma 4.18. If we fix a real number k < —2, then for any v £ V we have 

iJu-) du- ~ {qv) 



u.. v 1 



Observe that the map <p a of Lemma 12.51 provides an isomorphism between U— v and XJ— a>v . 
Moreover, the measures du- and du- are identified under this isomorphism. As a result, we can 
equate the following integrals 

$ x (u_) du- = / § K {y- l {u-)) du- , 

U-a,u JU- >V 

assuming that we choose k £ R correctly. 

Lemma 4.19. Fix x £ fj* to be real valued such that x(h ai ) < —2. Then for any v £ V and 
a £ Apy, 

1 



<S>Ju-) du- - 



(4.20) f „„_ 

Proof. Let (J?) £ Then </? a (s ?) = X~a(s) = u_ £ U- a , u . The Iwasawa decomposition of 

SL 2 (F U ) implies 

(J?) = k(^°0u. 
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As a result, in an Iwasawa decomposition for U-, we may take its /^-component to be of the 
form (f a { g ^-1 ) = h a (b) for some b € F* . Our goal is to choose k£1so that 

$ K (99 Q ; 1 (u_)) = $ x (u_) for u_ € U- a>u . 

We claim that we must set k = x(h a )- Indeed, with this choice, we have 

$ K faHu-)) = (\blT = (\b\uY {ka) = 9 x (ha(b)) = * x (tt_). 

Now the identity (|4.20p is a direct result of Lemma 14.181 and our choice of n. □ 

Armed with Lemma 14.191 we are prepared to prove Proposition 14.161 

Proof of Proposition \4-16\ We assume x(h ai ) < — 2 for i = 1, ... ,1 + 1, and we want to show that 
for any v £ V and w € W 

i 



$ x (u_) du^ = Yl 



1 



-(X + P)(fca) + 1 



/ A ■> ' 11 | _ 

JU -,™," „eA n,„-lA „"(X+P)(ha) 



As mentioned previously, the proof is by induction on l(w), the length of the Weyl group element. 

Base case: To prove the base case, we assume that l(w) = 1, and therefore that w = W{ 
for some % = 1, ... ,1 + 1. We begin by observing that A Wi = {ai}. Hence we have U Wi]V = 
{Xa t ( s ) I s G F v) = U au „. Moreover, U- }WiV = w^U^Wi = U -i = U-^v, and so 



L 



$ x (u_) du_ = I $ x (u-) du. = ^ j — 



(q v y (x+p){ha i ] 



by Lemma 14.191 and the fact that p(h ai ) = 1. 



Induction step: Now suppose we choose w E W with reduced expression Wi r . . . w^, and 
that our proposition holds for all to' G W such that l(w') < l(w). Specifically, we set w' = 
Wi r _ 1 . . . f%. At the beginning of this subsection, we showed that TJ—^ W V — U—^^ w i v , and so 
our integral breaks into 

(4.21) / / ®x( u - l u - 2) d u - 2 du- 1. 

Ju^ r , v Ju_ tW , tV 

The measure du- decomposes naturally by Remark 14.141 Let the element u- t ± have the Iwasawa 
decomposition kih\U\. Recall that by definition <3? x is left invariant by K u and right invariant 
by U u . In light of these observations and part (1) of Lemma 13.141 we can make the following 
manipulations: 

$ x (w_ iu_ 2 ) = $ x (kihiuiU- >2 ) = $ x (/iiuiu_ i2 ) 

= <& x (h\U\U- ^u^ h^ 1 hiu{) = $ x (h\U\U-pUi h{) 
= <s> x (hiuiu- t2 u^ l h^ l )<$> x (hi) = h\ ^(hium-^ 1 ^ 1 ). 
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The integral in (I4.2ip now becomes 

(4.22) / h\ j <& x {hiu\u- 2U± 1 h^ 1 ) du^ 2 du~ 1 . 

We wish to show uxU—^u^ G w'~ l U u w' ', and note that it suffices to prove that w' (uiU-^Ui 1 ) w'~ l G 
U u . We have 

Since ii_ )2 G U_ tW / M , we have v/u-pw'* 1 G U w i v C U u by definition. For any u G U lr we have 
w'uw' -1 G U w /. lr = U air , and so both w'uiw'^ 1 and wAt^ 1 ?// -1 are elements of U ai C U u . Hence, 

UiU-flU^ 1 G w'~ U v w' . 

The decomposition (|4.3p provides us with the unique group decomposition 

w'- l U u w' = (U-, w ,, v )(w'- l U v w' n U v ). 

Let 7T P be the projection from w U v w' -» U- jW ' iV , which exists by the decomposition above. 
Then 

uiU-^U\ l = 7Ti / (itiit_ j 2'iff )uj , for G w'~ l U u w' n C/j/. 
Since ^ normalizes C/^, we get 

The map from U- w / v to itself defined by u_ 5 2 ^ "K v (u\U—2U^ ) is a unimodular change of 
variables, so the integral (|4.22p becomes 



Now applying the change of variables hiU—flh^ 1 1— > u_ j2 has the following effect on our integral: 

/ h% / $ x (/ii?/_ 2/jf 1 ) = / h^h^[ r / $ x (ii_ 2 ) du_ 2 cfai_i, 

where we have 

ae (ui' ) - 1 A vk,+ n Aiv,_ 

(See 0). 

Our calculations so far have proven the following result regarding our local integrals: 
* x (u_) du„ = f h% +p ~ {w ' ylp [ $ x (u- 2 ) du-.adtt-.i 



h x+P-(™r p du _ ti / $ x (n_, 2 ) dti-,2. 
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By our inductive hypothesis, 

1 i 

-(x+p)(>> Q )+i 



JU ...... 



1 



Moreover, observe that 

v+p-0') -1 p 



hf du- t i = J $ x +p-(w')- 1 p(. u -) du -,i, 

and so by Lemma 14.191 we obtain 

I _ i _ 



r h x+ P -^') i P du _ A 



-(( X + P-(^')- 1 p)(h lr ) + l) 



Since we have 

we obtain 
and 



iw') p(h lr ) = p(w' ■ h lr ) = p{h {wl) -i. lr ) = p{K ir ) = 1, 



(X + P- (w')- 1 p){h lr ) = ( X + p)(h lT ) - 1, 



1 



f h x+P-W)-*P d _ ±_ 

Jv 



/\-l„ n -(x + p)(h Jr ) + l 



1 1 

U—y r ,v ( x + p)(h 7r ) 

Putting all of these calculations together we see 



JU—, W , V JU-~, r , v ^^—,iu',v 

n t 



i i / i i 

-(x + pX^rH 1 / 1 -(X + P)(ha) + 1 

Hv III " u 



9 -(x+P)(h 7r ) \ ae A + nu,'-i(A-) ? -(x+p)(^) 

Finally, since Avy,+ PI w^&w- = {7,,} U (A + n «/~~ 1 A_), we obtain the desired result. □ 

4.4. Finishing the Computation. In this final subsection, we use the previous results to finish 
our calculation of the constant term E% . Recall that by Proposition 14.11] we have 

E#(gri mD ) = (hr} mD ) w(x+p) ~ p I $ x (u_)du_. 

In our next step, we use Proposition 14. 161 to evaluate Jjy A $ x (u_)<in_. 

Note that the space U- tW> A can be identified with the product of £(w) copies of A. Since we 
have assumed that % ls real, we can apply the monotone convergence theorem to see that 



/ $ x («_)du_ = ^ (w)(1 ~ 9) lim "Tf f 



<f> x (u-) du_, 

U — 111 TJ 
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where we use the relation (1A.9|) and the following remark there. In the expression above, we take 
S to range over the finite subsets of V. Now by Proposition I4.16| this is equal to 

i t n n 



-(x+pKh a ) + l 



s X A . ±L „ 1 

1 



-U + P)(ha) + 1 



n ^ n - ± 

- n n '-^r 1 . 

a€A w , + nw^A w ,_ ^GV q -U+PKha) 

Let Cf(s) denote the zeta function associated to the function field F (see |17j). Then 

Cf(s) = U ^t, 

whenever Re(s) > 1. Since we have assumed x(h a J < —2, we have that — (x + p){h a ) > 1 for 
any a £ ^w,+ - As a result, we obtain that 

ii i-^feocy CH-(x + p)(M + i)" 

We set 

c(xM = n CH-(x + p)(M) 

A i A CF(-(X + P)(^a) + 1) 

a £ A + nui _ 1 A Wi _ 

Finally, we obtain the main result of this section: 

Theorem 4.23. For any g = khu € and x 6 fy* swc/i i/iai x(^ ai ) < —2 /or i = 1, ...,/ + 1, 

we Zioue 

(4.24) i?#(OT mD ) = £ (^"^"(x+pJ-p C ( X , W ). 

We saw at the end of Section 3 that in order to prove the almost everywhere convergence of 
the series E x , it suffices to show 

(4.25) V / E XtW (hr] mD u) alu < oo 

JUA/(UAnf P ) 



for h varying in compact sets of when x is a real character. In this section, we showed 
that the series (I4.25P is the same as the series (I4.24p . So to establish the almost everywhere 
convergence of the Eisenstein series E x , we direct our attention to proving that the series (|4.24p 
converges for h varying in compact sets of We will prove this result in the next section. 



EISENSTEIN SERIES ON AFFINE KAC-MOODY GROUPS OVER FUNCTION FIELDS 



27 



We also note that Theorem 14.231 closely resembles Garland's result for the constant term of 
the Eisenstein series over Gr ([5]) with the Riemann zeta function replaced by the zeta function 
of the function field. 

5. Convergence of the Constant Term 

In this section, we prove the convergence of the series (|4.24p by showing that if h varies 
in a compact subset of then the series (|4.24p is bounded above by a theta series in R. In 
order to establish this result, we require an additional condition on the tuple m = (m u ) u& y, which 
determines the automorphism r) mD '. Specifically, we will further assume that J2 ueV \og(q v )m v > 0; 
this will be important for the calculation in section 5.4. 

We will approach this proof by treating the factor (hrj rnD ) w ( x+ ^~ p in subsections 15.21 through 
15.51 and the factor c(x, w) in subsection 15.61 . In the final subsection, we will combine the results 
to finish proving the convergence of the series (|4.24p . which is indeed the constant term E% of 
E x . We begin with considering the compact subsets of 

5.1. Topology of the Torus and Compact Sets. Recall that (A x ) z+1 has the product topol- 
ogy induced by the standard topology on A x . In Remark 13.71 we defined the surjective group 
homomorphism $ : (A x )' +1 — > Through this map, we put the quotient topology on 
Clearly the idelic norm | • | : A x — > R>o is a continuous map. Moreover, one can see that if 
#(si, . . . , si + i) = n!=i ha.i{si) = 1 then |sj| = 1 for each i. As a result, we have a well-defined 
continuous map i? : > (M >0 ) m given by [}!=} h ai ( s i) ^ ■ ■ ■ ■> \ s i+i\)- 

Let C be a compact set of and prj be the i-th projection of (M>o)' +1 - Then, for each i, 
the image pr i (i?(C)) is compact in M>o and there exist r», Ri E M>o such that 

Ti < prj(-i?(/i)) < R{ for any h E C. 

If we set 

r = min{n, . . . ,^+i} and R = max{i?i, . . . , Ri+i}, 
then for any h = Y\i=\ h ai {si) E C, we have 

r < \si\ < R 
for i = 1, . . . , I + 1. Therefore, we conclude: 

Lemma 5.1. Let C be a compact set of Then there exists r, R E M>o such that for any 
h = h ai (si) . . . h ai+1 (si + i) E C we have 

r < \si\ < R 



for i = 1, ...,/ + 1. 



28 



K.-H. LEE AND P. LOMBARDO 



For the rest of the section, we fix a compact subset C of H& along with positive real numbers 
r and R that satisfy the conditions of Lemma 15.11 We wish to prove that 

(5.2) Yl (hv mD ) w(x+p) - p 4x,w) 
is bounded by a theta series in R as h varies in C. Clearly 

In the next four subsections, we focus on finding a bound for [hrj mD ) w ^ x+p \ 

5.2. Preliminary Calculation. In Section 3, we fixed the automorphism r) mD where m = 
( m u)uev is an infinite tuple of integers such that m v = for almost all v G V. However, we 
could replace D with any element of f) e to obtain a similar automorphism. To be more precise, 
let n = (n v ) U £\> be an infinite tuple of integers where n u = for almost all v G V. For h € f) 6 
and € V, we define the local automorphism rf^ uh to 

(i) preserve each weight space V^ Fv , and 

(ii) act on each weight space by rf^ vh ■ v = n™"^ h ^ v for v G V^^. 

Then we consider the product of these local automorphisms and define the global automorphism 
rf lh := n^eV Vv vh - Note that this automorphism only affects a finite number of places. 

An element x € f)* can be considered an element of (f) 6 )* by setting x(D) = 0. With this in 
mind, for x € f)* we define 

(5.3) {rf lh Y = Yl K\7 x{h) - 
One can easily see that for toeWwe have 

(tfih\w{x) — (jj u> _1 (nfc,)\x_ 

If s = (s u ) V £\) € A x then ord(s) := (oid u (s u )) ue \; is a tuple of integers with the property that 
oid u (s u ) = for almost all v. Then we see that 

(5.4) { V old ^ h <*> )* = (h ai (s))* for each i. 

Moreover, since x(D) = we also have (r] mD ) x = 1. 

As a notational convenience, we set x := X + P an d consider the factor 

(5.5) (hT] mD ) w W 

for some w 6 W". Let /i = /i ai (si) . . . (s; + i). Then by our observation in (j5.4jl we have 

H-i /z+i 

^w(x) _ w(x)(h ai ) _ I J~j^ ^ord(si)/i Qi j 

i=l V 4=1 / 
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As a result, the factor (|5.5p becomes 

/ l+i \™(*) n 

( JJ(f?° rd ^ i ' )/la J? mI? J = ( ^ord(si)/i Q1 +-- +ord(s, +1 )/i ai+1 +mD \ W 

^«)~ 1 (ord(s 1 )/i ai + ... + ord(s ;+ i)?t ai+1 +mD) ^ X 

n x(i«~ :L (ord 1/ (si i i,)/i Q1 + ... + ord„(si+i j „)/ia, +1 + m„D)) 

/ i \ X(' u ' -1 ( or di/(*l,i-)/la 1 +... + ord„(s, +ljI ,)/i ai+1 +m u D)) 

(5.6) = n (-) 

For the remainder of this subsection, we will focus on calculating 

(5.7) w' 1 (oid u (s ltU )h ai H h ord u (si +ltU )h at+1 + m v D) . 

The affine Weyl group of q e can be decomposed into a semi-direct product of the classical Weyl 
group and a group of translations: W = W x T. In particular, T = {Th \ H G f)z}- For more 
information see [2], [3], or [11]. Using this product decomposition, we may express w~ l = w\Th, 
for some w\ G W, and -ff G f)z. Moreover, we note that for any H G f)z the translation T# does 
not affect the imaginary co-root hg, and we recall that the classical Weyl group leaves h$ and D 
invariant. 

In order to calculate the element of \) e in (5.7), we will use this decomposition of w~ l and a 
particular result from [4j which we summarize in the following lemma: 

Lemma 5.8 (Garland, [3J). Let h! G \] and Th be the translation element associated to H G f)g. 
We have the following formula: 

(5.9) Tll .{ti -D) = ti + H-D+ {^P- + (ti, H)\ h s , 

where ( , ) is the normalized bilinear form on f) . 

We let u! _1 = W\Th for w\ G W and Th G T. For each ^ G V, we set 

z+i 

^ ord l/ (si jJ ,)/i Qi = ^ + 
i=l 

where /i„ G f) and e v G M. We begin our calculation by making these substitutions: 

w^ 1 (ord(s ljU )h ai H h ord(s; + i jl/ )/i a;+1 + m„D) = w\ T H (K + e^/ia + m v D) . 

After factoring out — m v for m u ^ 0, we have 

wiT H (h v + e„hs + m v D) = w x ( —m v TH ( - D — —hs)) 

V V m v rn v J J 

T H -d)-T h f^h s 
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The translation Th does not affect the imaginary root, so if we apply Lemma 15.81 we see this 
equals 

m„ V 2 \m v 1 1 \ m,. 



-m (H H) 

wi [K - m u H + m v D + ( v — h {h v , H ) + e v ) h$ 



(5.10) = (wiK) - m v (w x H) + m v D + I ' m ^ g ' H> > + (h u , H) + e u ) h s , 



where the last equality follows from the fact that the classical Weyl group element w\ does not 
affect D or h$. One can check that the same formula holds for m u = 0. 
Substituting (|5.10p into (15. 6p . we obtain that 



X(w 1 (ord^(si iJ/ )fc ai H f-ord„(s, +1 „)/i Ql+1 +m„D)) 

/ i \ Mw 1 h v )~m v {w 1 H)+rn v D+{ - mv< 2 H ' H) +{h v ,H)+e v )h 5 ) 

3A^ 



We continue to break up this product by writing it as a product of three factors that we obtain 
by grouping the parts appearing in the exponent of Since x{D) = 0, the factor containing 
m u D disappears from our computation. In particular, we have the following proposition. 



Proposition 5.11. The term {hrf nD ) w ^ appearing in (gi] mD ) is the product of the following 
three factors: 

(ii) EUv (i)-^(^H) + ^x(^)) 

Remark 5.12. Note the calculations in this subsection work for any w 6 W. 

In this subsection, we calculated the term {hrf nD ) w ^ explicitly and showed that it is a product 
of the factors (i), (ii), and (iii) above. In the next three subsections, we will work with each 
factor individually showing that if we let h vary in a compact set C, we have an upper bound 
that depends onw£ W . 



5.3. Bounding Factor (i) of the Product. We wish to find an upper bound for the product 



(5.i3) n (t 
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l+l 



First notice that since we set h v + e u hs = Ya=i OT &v{si,i>)h ai , we have 



n ( ) = n \TTu\i {mh " )+e ^ {wihs) = 

1 + 1 



ord(si) Wl^aJ^X 



|y£V v ^ ' ueV 1=1 

Z+l 



1=1 

by our observation in (|5,4|) . Hence it is our goal to prove there exists an upper bound for the 
factor 

h^x 

for any w\ € W, the classical Weyl group. 

Since the classical Weyl group is a finite group and we fixed x G h, we know there exist real 
numbers mi and Mi such that 

mi < w^xiKi) < Mi, 

for all i = 1, ...,/ + 1 and u>i € W. Moreover, we assumed in the beginning of the section that we 
are choosing h to vary in a compact set C of such that for any h = h ai (si) . . . h ai+1 (sj+i) G C 
we have r < |sj| < R for each i. Combining these, we see that there exists a positive constant A4 
such that 

K l {s i ) w "* = \s i \ w ^ h ^ <M 
for alH = 1, . . . , I + 1 and itfi € W. Hence, we conclude: 



H-i 



Lemma 5.14. 

/ i \ x(mhu)+e v x(hg) 

(5.15) IT =h Wl * < M 
for all wi G W . 

5.4. Bounding Factor (ii) of the Product. We now turn our focus to factor (ii), so we 
consider the infinite product 

(5.16) n (f) 

However, recall that in the definition of the automorphism r] mD we specified m = (m u ) V £y where 
m u £ Z, m u = for all but a finite number of v. Now we further assume that X^(l°§ 1v) m v > 0. 
Let S = [v G V | m u / 0}. Then our infinite product above reduces to the finite product: 

n(f 

< 517 » - n £) n(z 
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We will treat each product in (15. 17f) separately, beginning with the factor involving x(w\H). If 
we write \\H\\ = (H, H) 1 / 2 for H G f), we can prove the following lemma: 

Lemma 5.18. There exists M\ > such that for any H G f)z and w\ G VF ; 

(5.i 9 ) n(f) <*r- 

Proof. Let i?o = G f) | = 1}- Then this is clearly a compact set of f), where the topology 
on f) is the metric topology induced by the norm || • ||. The linear map x '■ Bo ~ * K is a continuous 
map, and hence is bounded. Since W preserves Bq, we can find a real number Ni such that 

x{wiH) < Ni, 

for all w\ G W and if G -Bo- Let H be any element of f)z- Then x(wi-B) = "f|§j]") 11-^11 > anc ^ 
we note that G -Bo. So we see that for all w\ G W and -ff G f)z, 

Now we have 

H — = exp ^(log q v ) m v x{wiH ) < exp ^(logg^) m v Ni\\H\\ . 

We set A/i = exp (X^esO°§ Qv) m uNi) , and obtain the desired inequality (|5.19p . □ 



Next we consider the other factor from ()5.17p . specifically 

mv{ H,H) t{hs) 

Recalling that x(^aj < ~~ 2 for each i = 1, 2, ...,/ + 1, we see x(h$) < 0. We have 

n - = exp ^E( io s^)^ii^n 2 x(M • 

We write N% = exp ^ l/e5 (log g^) m i/ x(^)) • Since we assumed X^es(l°§ ^) m " > ^' we 
< 7V2 < 1. Thus we obtain: 



Lemma 5.20. 7/ we u>ri£e 

/ 1 \ 2 

(5.21) JI(-) -.\: 

then < A/2 < 1. 



mi/(H,H) 
-X{hs) 

H\\ 
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5.5. Bounding Factor (iii) of the Product. We finally consider factor (iii). In particular, we 
find a bound for the infinite product 

/ i \ (h v ,H)x(h s ) 

(5.22) n - 



4+1 



Since we set h u + e v hs = Yli=i m d v (si tV )h ai , and (hs,H) = for all H £ f)z, we can make the 
following changes 

l+l l+l 
{K,H) = ( 'y]ord l ,(si tU )h ai - e u h s , H ) = ord u (s itL) )(h ai , H). 

i=l i=l 

As a result, the infinite product in (|5.22j) becomes 



l+l / 1 n m& v {si, v ){h a .,H)x{h s ) l+l / -i \ov& v (si v ') (h ai ,H)x(h$) l+l 



nnm =nn 7) =n 

As before, we let -Bo = {H £ f) | ||i?|| = 1}. For each i = 1, ... ,1+1, we consider the continuous 
maps determined by the bilinear form 

(h ai ,-):B Q ^R. 

Since we are only considering I + 1 different images of the compact set Bq in R, we can find 
numbers n and iV such that n < (h ai ,H) < N for all H £ Bq. Using the same argument as in 
Lemma 15.181 we conclude that for any H £ \)% and i = 1, 2, . . . , I + 1, we have 

n||#|| < (h ai ,H) < N\\H\\, 

or equivalently, 

N\\H\\x(h 5 ) < (h ai ,H)x(h s ) < n\\H\\x(h s ), 

since x(hs) < 0. 

Since we assumed that h varies in the compact set C C Ha> we know that r < \s{\ < R for 
i = 1, . . . , I + 1. It is now straightforward to prove the following lemma. 

Lemma 5.23. There exists a constant A/3 such that for any H £ f)z we have 

/ -, \ (h v ,H)x(h$) l+l 

(5.24) II ( 1 ) = II \si\^' H ^ hs) <Aft i)m - 

v ev^ q ^ i=i 

Now we collect the results of subsections [52] through [53] and summarize them in a proposition. 
Recall that Proposition 15.111 proved that (hr] mD ) w x is the product of the factors (i), (ii) and (iii). 
By combining this with the results of Lemmas 15.141 15.181 15.201 and 15.231 we obtain: 

Lemma 5.25. For w £ W, we write w^ 1 = w\ Tjj, where w± £ W and H £ We have the 
following upper bound for the factor (hr] mD ) w ^: 

(hr, mD ) w * < M l+l M} m Mt l)m J4 m *. 
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In subsection I5.7| we wish to bound the constant term by a theta series. To this end, we 
rewrite 

^IIHH ^(Z+DUtfU = e lo g (MA- 3 (!+1) )||^|| and M \W\? = e lo M H\\^ 

We set o\ = log(A/i A/" 3 and 02 = — log A/2. Since A2 < 1, we have 02 > 0. We state our final 
result in the following proposition: 

Proposition 5.26. For w G W , suppose w^ 1 = w±Th where w\ G W and H G f)z- There exist 
constants M, o~\, and 02 that do not depend on w G W, such that o~i > and 

(5.27) (hr] mD ) w * < M l+1 e ^W H \\-^\\ H W 2 . 

5.6. Bounding the Zeta Functions. In this subsection, we focus on bounding the c(x, w) 
factor in the constant term . Recall the definition: 

a 1 a (f{-{X + P)(h a ) + 1) 

Standard techniques involving zeta functions establish the following lemma: 
Lemma 5.28. Let s G C and e > 0. Then for all s such that Re(s) > 1 + e we have 

(i-g) CHf) M 

Cf(s + 1) 

where M £ is a positive constant. In particular, we can take M £ = q^-9){C F {\ + e)) 2 . 
Corollary 5.29. There exists a positive constant M £ such that for each w G W we have 

c( X ,w)<M^\ 

Proof. For any a G we have h a = hh ai , where ki G Z>o and at least one hi 7^ 0. 

Since x(h ai ) < —2 for i = 1, ...,/ + 1, there exists e > such that 

-(X + P)(h a ) > 1 + e 

for any a G A^ !+ . It is known that #(Aw,+ Hi/; A^-) = £(u>) ([E]). Now the corollary follows 
from Lemma 15.281 □ 

Each w G W can be expressed as w = w\Th for w± £ W and some i? G f)z, and we have 
l{w) < £(w\) + 1(Th). However, since the classical Weyl group is finite, £(wi) can only be as 
large as the length of the longest element of W. Thus for each w G W, 

M t( W ) < M i( Wl ) M i(T H ) < ^ M £(T H )_ 

In (8.17) of [1], we see that there exists a postive constant 03 such that £(Th) < cr 3 ||il||. In light 
of these observations, we have the following proposition: 

Proposition 5.30. There exists a positive constants M £ , M £ , and o 3 such that 

c{ X ,w) <W £ MpW H \ 

for each w = w\Th G W . 
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5.7. Bounding the Constant Term by a Theta Series. In this final subsection, we prove 
that if h varies in a compact set of if a, then the sum 

(5.31) Yl (hv mD ) w(x+p) - p c( X ,w) 

is bounded above by a theta series. Hence the constant term of the Eisenstein E x is absolutely 
convergent for these compact sets. 

By substituting the results of Propositions 15.261 and I5.3UI we see 

(hT] mD y p Y {hr] mD ) w{x+p) c{ X ,w) < (hrT D )- p ^ e ^W H \\-^\\H\\ 2 M * 3 \\H\\ 

= (h v mD )-e#(W)M l+1 W e e {loe{Ms)a3+ai)m ~ a2im2 , 

where #(W) is the cardinality of the finite Weyl group W. 

It is essential to note that 02 > 0, so this theta series converges. As a result of this computation, 
we have proven the following theorem. 

Theorem 5.32. Let x G b* such that x(h ai ) < —2 for i = 1, ...,/ + 1, and let 

cfcw) =5 . W (i-„) jj &(-fa + rt(M) 

a 1* Cf(-{X + P){h a ) + 1) 

Assume that ^2 u Q~ogq u ) m u > for m = (m u ). Then the infinite series 

Y (hrr D ) w{x+p) - p c( X ,w) 

converges absolutely and uniformly for h varying in any compact set of 

Remark 5.33. Combining the above theorem with (|3.2ip . Definition 13.221 and Theorem 14.231 
we have proved the identities 



E*(gv mD ) = I E x (g V mD u) du=Y (h V mD r^~P c( X ,w), 

Ju A /(u k nt F ) weW 

and established convergence of the constant term E x . 



6. Convergence of the Eisenstein Series 

In this section, we will use the results of the previous sections to prove the convergence of the 
Eisenstein series E x . Recall that in Section 4, we skipped the proof of the measurability of E x 
with respect to du. In the next subsection, we prove this fact. 
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6.1. Measurability of the Eisenstein Series. The constant term of the Eisenstein series E x 
is defined to be the following integral: 

E*(gv mD ) = f E x (g V mD u) du. 

JUk/{u A <r\t P ) 

It is the purpose of this subsection to prove that the map u i— > E x (gr] mD u) is a du-measurable 
function. Observe however, that since <3? x is left invariant by K, and r] mD normalizes Ua, it is 
enough to show that for a fixed h € Ha the map u i— > E x [hrf nD u) is a du-measurable function. 
As in Section 4, we express the Eisenstein series as the sum 

E x (h V mD u) = E x , w (hr, mD u). 

In turn, each E xw (hr) mD u) is also a sum of particular values for <3? x . Recall that we set Tp{w) = 
TpC\ (BpwBp) and defined 

(6.1) E x , w (hr ] mD u)= £ ^ x (hr, mD U1 ), 

■y& F (w)/f F (w)r\B F 

and we saw in Section 4 that we may take the coset representatives 7 above to be of the form {bw} 
where b G U W ,F- Now with respect to our coherently ordered basis, U w p is a finite-dimensional 
space for each w G W, and as such we can choose our coset representatives of Tp(w)/(Tp(w)nBp) 
to come from this finite-dimensional space. 

In Appendix A, we construct the measure du by expressing Uj^/^U^ dtp) as a projective limit 
of compact spaces. Part of this construction is important for this discussion, so we briefly state 
some definitions from that section. For the coherently ordered basis B = {v\, v\, . . . }, we let V$ s 
denote the i^-span of the vectors {^a, i>i, • • • , v s }. By setting XJ va = {u 6 Up < \ u\ v \ = id}, 

-Fi/,s 

we may define the restricted direct product 

Ua, s = Y\_ U",a w ith respect to the subgroup U UjS PI K u , 

and let 

L>| s) = U a /Ua,s- 

As proved in the appendix, U& = hm . Since we may choose our coset representatives 

s 

7 G Tp(w)/(Tp(w) n Bp) so that they come from a finite-dimensional space, there exists an s 
large enough so that for any u G Ua,s and 7 as above, we have wy = ju' for some u 1 eUa- Then 
we observe that 

(6.2) <5> x (hv mD uj) = ® x {hrr D lu') = $ x (hr, mD 7 ). 

Using $ x and 7 £ Tp(w)/(Tp(w) C\Bp), we define the function ^ 7 from Ua to M>o by setting 

(6.3) ^{u) = ^ x {hr ] mD u 1 ). 

By the observation (|6.2p in the previous paragraph, ip^ defines a function on the finite dimensional 
space Ua/Ua, s for s large enough. We will see in Appendix A that we may consider Ua/Ua,s as 
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embedded into the group of upper triangular (s + 1) x (s + 1) block matrices with entries from 
A. Most importantly, for any 7 € Tf(w)/(Tf(w) H Bf) the function ip^ can be written as a 
composition of continuous maps and hence measurable on the space Ua/Ua, s - Then it follows 
from the definition of the measure du in Appendix A that the function ifi* is a measurable function 

on u A /(u A nf F ). 

For a fixed h G Ha and w € W, we define the function ip w from Ua/(Ua H Tf) to R>o by 
sending 

u^E XiW (h V mD u)= ^K>- 

7 6f J ,( W )/(fj,( ffi )nB i r) 

The function ^ 7 is a positive, measurable function for every 7 above, and so ip w (u) is also a 
measurable function on Ua/(Tf D J7a)- To see this, we view 

(6.4) ^ = supjfinite sums of -07 }> 

and note that this is measurable. 

Likewise, for a fixed h £ Ha we can consider E x as a function from the quotient Ua/ (Ua nTp) 
to the positive real numbers by sending u 1— > E x (hn mD u). Since can be expressed as the sum 
over the affine Weyl group of the positive, measurable functions ip w , we conclude: 

Lemma 6.5. For any h € Ha, the function E x is a du-measurable function into the positive real 
numbers. 

6.2. Convergence of the Series. The Eisenstein series E x on GAV mD can be considered as the 
function from Ha x Ua/{Ua nff) to M>o defined by 

(6.6) (h,u) ^ E x (hrj mD u). 

Moreover, Theorem 15.321 proved that the constant term 

E#(gr, mD ) = f E x (gr, mD u) du = V (hn mD )^ + ^ c( X ,w) 

JUk/(u&nf F ) ~ 

is absolutely convergent for h varying in compact sets of ^a- However, this also tells us that the 
Eisenstein series E x is integrable with respect to du for h varying in any compact subset of Ha- 
Hence the series E x is convergent almost everywhere on Ha x Ua./(UaC\Tf), since Ha is locally 
compact. Moreover, we can prove the following proposition: 

Proposition 6.7. Let x S f)* be a real character such that x(h ai ) < —2 for i = 1, . . . ,1 + 1, 

and let m = (m v ) vG \> be a tuple such that m u € Z>o and < X^ m ^ < 00 • Then the series 
E x (hrj mD u) (absolutely) converges to a positive real number for all (h,u) € Ha x Ua/(Ua Hrj?). 

Proof. The remarks in the previous paragraph tell us that the series E x (hrj mD u) converges for 
all (h,u) G Ha x Ua/(Ua H T_p) off a set of measure zero. Assume that E x (hrj mD u) = 00 
for some (h,u). We claim that there exists a subset [/' C Ua of positive measure such that 
hr) mD u' (hr) mD )~ x E Ua fl K for all u' G C/'. If the claim is true, we will have 

E x (h V mD u'u) = E x (hr] mD u) = 00 
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for all v! G U' . Since the set U'u has positive measure, it is a contradiction. 
Now we prove the claim. We write v! = (u' u ) and 

I 

a£A + i=l agA_ 

where a a G i^pf]], cr^ G ^F,[[X]] and Oi G F„[[Jf]] with ffi = 1 (mod X). It follows from 
direct computation that if a a = ao + a±X + (I2X 2 + • • • , then rj mvD Xa(o' a )r]~ rnvD = Xa( r a)> where 

Ta = ao + aiir^X + a 2 vr^ m "X 2 H . We also write h = (h u ) ueV and h u = YuLi h ai (si,u)- Then 

we obtain h OCi (si tU )xa(o'a)h ai (si tU )~ 1 = Xa^tu^ a a ) by (13.10) of [2j. Recall that m„ > for 
all v and ord^Sj^) = for almost all v. Because of these conditions on m v and ord u (si^), it is 
straightforward to construct the set U' of the claim. 

□ 

Having established this important proposition, the following theorem is a simple consequence 
of the dominated convergence theorem and the fact that E^ua dominates E x for any complex 
character %. 

Theorem 6.8. For a complex-valued x G f)* such that Re(x)(/i ai ) < —2 /or i = 1, ...,/ + 1, and 
/or a top/e m = (r?v)„ g y sitc/i i/tai G Z>o and < m u < 00, the infinite series 

E x {h V mD u) = £ $ x (^« 7 ) 
7ef F /f F aB F 

absolutely converges for all (h,u) G i?A x Ua/(Ua H r>). 



7. Functional Equations for the Constant Term 

In this section, we will establish meromorphic continuation of the constant term of the Eisen- 
stein series and prove their functional equations. We will begin by stating some results for the 
zeta function of the global function field F. 

7.1. Background on the Zeta Function of a Function Field. We refer the reader to [17] 
for specifics on the definition of the zeta function associated to a global function field F. The 
following result from [T7] describes the functional equation for Cf(s). 

Theorem 7.1. Let F be a global function field in one variable over a finite constant field ¥ q . 
Suppose F is of genus g. Then there exists a polynomial Lp(u) G Z[n] of degree 2g such that 

( 7 - 2 ) CfOO = 7: i-.v 

(1-9 s )(l - q 1 s ) 

/or Re(s) > 1. Moreover, ( f7.i?| ) provides an analytic continuation of Cf to the complex plane. If 
we set £f(s) = Q ~^ s Cf{ s )> then we have the functional equation 

(7.3) Z F (s) = e F (l - s). 
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Using the functional equation for £f(s), we prove the following lemma: 

Lemma 7.4. Let (f( s ) be the zeta function associated to F , and £f(s) = <Z^ _1 ^ s Cf(s) its com- 
pleted form. Then the following identities hold: 

Cf(s) _ 9 (2.-l)(l-^ CH-g)^ _ q (-2,-i)(l- a ) t md _ (f(s) Cf(s)^ =q -2(l-g) > 



Cf(I-s) ' Cf(1 + s) * ' ( F (l-s)( F (l + s) 

Proof. These computations follow by replacing Cf( s ) with q s ^~ 9 ^F(s) and using the functional 
equation of £f(s)- For example, we consider calculation for the second identity: 

Cf(s) Cf(s) 
Cf(1 + s) Cf(1 - (-*)) g^Xi-fl) ^(1 - (-*)) 

r, — s (^— 9) 

,(-2«-l)(l-fl) 



g (l+a)(l- fl ) 

The first identity follows in the same manner, and third one is simply the product of the other 
two identities. □ 

7.2. Meromorphic Continuation. We first note that the function c(x, w) is well-defined as 
meromorphic function for any x £ 0)c)*- We- assume that 

(7.5) Re(x + p)(h 5 ) <0. 

Since p(hs) = /i v , the dual Coxeter number, this assumption is equivalent to 

(7.6) Re x (h S ) < ~h v . 
We fix e > 0, and set 

c e = { X emy\Mx+p)(h S )<-£}- 

Recall that if a £ Aw+> we have h a = h a + mhs for some a 6 A and m £ Z>o- Thus there exists 
a finite set E e C &-w,+ such that Re (% + p)(h a ) < — 1 for all a € Ajy j+ \ H e and for any x G Ce- 
Let T C C e be the set of all x € C e such that the function ^1 ^^^^^ has a pole for some 
a £ E e . Then J 7 is contained in the union of a countable, locally finite family of hyperplanes. 

Lemma 7.7. Suppose that B is a bounded open subset of (f)c)* whose closure is contained in the 
set C £ . Assume that the function ^rz (^p^fe^i) has no pole for any x £ B and /or any a £ H e . 
T/ien £/tere are positive constants M' e and M £ such that for each w £ W we have 

\c( X ,w)\ < M' e MW . 

Proof. Since H e is a finite set and independent of w, this lemma is proved by a slight modification 
of the proof of Corollary 15.291 □ 

Theorem 7.8. The constant term E^(grj mD ) = Yl, w ^w {hr] mD ) w ^ x+p ^ p c{x,w) is a meromor- 
phic function for x £ (f)c)* satisfying Re(x + p)(hg) < 0, or equivalently Rex(hs) < —h v . 
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Proof. Assume that B is a bounded open subset of (f)c)* whose closure is contained in the set 
C £ \ J 7 , where the set T is defined above. Consider a compact subset C of If we replace 
Corollary 15 . 291 with Lemma [721 & h the other arguments in the proof of Theorem 15 . 321 remain valid 
to prove that the infinite sum Yu W p.w (hr] rnD ) w ^ x+f} ^ p c(x, w) converges uniformly and absolutely 
as x varies over B and h varies over C. Since e was arbitrary, the theorem follows. □ 

7.3. Proving Functional Equations. We wish to prove functional equations for the constant 
term of the Eisenstein series E x on Gx- The following property of the function c(x, w) is essential: 

Proposition 7.9. With c(x, w) defined as above and w, w' G W , we have 

(7.10) c(x, ww') = c(w' o x, w) c(x, w'), 

where w o x is the usual shifted action ofW on t}* , i.e. w o x = w{x + p) ~ P- 

We will prove this proposition at the end of this section. First, we show that this proposition 
leads to the following functional equation for the constant term of the Eisenstein series. 

Theorem 7.11. Assume that x G C)c)* sa ^ s fi es the condition Rex(h$) < —h y . Then we have 
Re(tuo^)(/i 5 ) < — h v and 

(7-12) E#(grj mD ) = c( X , w) E* x ( OT mZ? ), 

for any w 6 W . 

Proof. For the first assertion, we only need to consider the simple reflections Wi €W. We have 
(wi o x){h&) = (wi(x + p)~ p){h s ) = (x ~ (x + p)(hi)ai)(h s ) = x{hs)- 

Since we assumed Rex(^-<5) < —h v , the the first assertion follows. 

Now we fix an arbitrary element w of the affine Weyl group. Then for any w G W we set 
w' = ww^ 1 so that w = w'w. Now by Proposition 17.91 we have 

E*(9V mD ) = ^(/ l r / mD r^c( X ^)= Ah V mD )^ w >* c(x,w'w) 
w£W w'ew 



{hr, mD ) w ' o{w ° x) c{wox,w') c{ X ,w) 



c( X , w) (h V mD r'°^c(w o x , w') = c( x , w) i?L x (OT mD ) 



In order to establish this functional equation for it suffices to prove Proposition 17.9 
Proof of Proposition 7.9 Recall that we want to show that for any w, w' G W, we have 

c(x, ww') = c{w' o x, w) c(x, w'). 
We proceed by an induction argument, and first consider the following cases. 



□ 
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Case 1: Suppose that Wi is a simple reflection, w G W satisfies 

£(wwi) = l + £(w), 

and u> -1 = Wi r . . . is a reduced expression. Then since A^+flw; -1 Aw- = A^-i the discussion 
in Section T4.3I shows 

A w>+ n W~ l h W - = {/?!, . . . p r }, 
where f3j = Wi r . . . wu+iatu . If we let w = wwi, then we can see 

A Wt+ n w^Aw,- = {wifii, . . . , Wif3 r } U {a;}. 

Now we have 

A 1 A Cf(-(X + P)(/1«) + 1) 

(i- ff ) Cf(-(x + p)(^J JH(i-s) TT CF(-(X + P)(^a) 

^ Ci^(-(X + P)(^) + 1) 9 . 11 lA Cf(-(X + P)(^a) + 1) 

a £ A w> + H w - 1 A Wi _ 

since (x + p){h Wia ) = Wi{x + p)(h a ) = ° X + p)(h a )- This is our desired result, so we move on 
to our second case. 

Case 2: Suppose Wi is a simple reflection and w £ W such that £{wwij = £(w) — 1. If this is the 
case, then w has a reduced expression u; = . . . Wi r where Wi r = u?j. If we set w/ = i% . . . , 
then u> = u/iCj and it/ = ifftOj, and £(w'wi) = 1 + £(w'). As such, we can apply the result of Case 
1 to this situation with X = w i ° X an d we see 

c(x w ) = c (x, w'wi) = c(wi o x , w') c(x, Wi) = c(x, wwi) c(x, wi). 

So by solving for the factor c(x, wwi), we see that 

c(x, wwi) = c(wi o x, w) c(wi o x, wi)' 1 . 

In order to prove our result for this case, it suffices to show that 

(7.13) c{x, wi)c(wi ox,Wi) = 1. 

Observe that 

r \ r \ 2(i- 9 ) Cf(~(x + p)(h ai )) Cf(-(w, o x + /OfoaJ) 
c(x, «;<) C (i)j o x, Wi) = q { 9 > -—r-, . w, v , rr — ^ , wT ; , 7s 

2(i- 9 ) Cf(-(x + p)(^J) Cf((x + p)(^J) 

Cf(-(x + P)(^) + 1) CH(x + P)ih ai ) + 1) ' 
In Lemma 17.41 we calculated the value of this product of zeta functions, so we conclude that 

C (X, WiXwi o x , Wi ) = q 2 ^ q- 2 ^ = 1. 

As a result, we see c(x, wwi) = c(wi o w)c(x, u>j), the desired result. We now consider the 
general case. 
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General Case: The proof is by induction on the length of w' . If £(w') = 1, then the proofs of 
Case 1 and Case 2 secure our result. Now suppose the result holds for £{w') < k. We consider 
w" € W such that £(w") = k + 1, and write w" = w'wi for some simple reflection Wi and with 
£{w") = £{w') + 1. By Cases 1 and 2 and the induction hypothesis, we obtain 

c(x, ww") = c(x, ww'wi) = c(wi o x, ww') c(x, wi) = c((w'wi) o x , w) c(w* o x, w') c(x, wi) 

= c((w'wi) o x, w) c(x, w'wi) = c{w" o x, w) c(x, w"), 

since c{wi o x, w') c(x, wi) = c(x, w'wi). This completes our proof of Proposition 17,91 □ 



Appendix A. Measures 

In this appendix, we will describe various measures that are important for our calculation 
of the constant term of an Eisenstein series. The first subsection addresses the technique of 
constructing a measure by means of a projective limit of a family of measures. 

A.l. The projective limit construction of a measure. We begin by stating a result of pp. 
Let {U^ s \ 7r|/} se z >0 be a projective family of compact spaces, and equip each with a regular, 
Borel, probability measure du^ s \ If s > s', then by our assumption we have the map 

We say {du^} s & >0 is a consistent family of measures with respect to the projections tt s s , if for 
any measurable set X' C U^ s ) we have 

duM^,) -1 ^')) = du {s ' ) {X'), 

for any s > s' . 

Theorem A.l QlJ). Suppose {U^, 7r|,} seZ> „ 

is a projective family of compact spaces where du^ s ' 
is a regular, Borel, probability measure on is a consistent family of measures 

with respect to the projections tt s ,, then 

(1) there is a unique regular, Borel, probability measure du on the projective limit hm 17 W, 

s 

(2) i/7P s ' : l^mlJ^ -» U^ s ' is the canonical projection, then for any measurable set X C U^ s ) 

s 

we have 

du((n^yH x )) = du ( - s ' ) (X). 

Corollary A. 2. Under the conditions of Theorem \A.l\ if we further assume that each measure 
du( s ' is translation invariant, then du is also translation invariant. 

Proof. Our measure du is a Borel measure, so it is enough to show that this property holds for any 
open set Y C UmlA 8 ) . However, the projective limit of topological spaces inherits the coarsest 

s 

topology such that the canonical projections tt^ are all continuous. It is a standard result that a 
basis for this topology consists of the sets (tp s )) _1 (-X^ s )) for an open set X^ C Hence, the 
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translation invariance of the measure du is a result of part (2) of Theorem I A. 1( and the invariance 
of the measure 



A. 2. Measure on the Arithmetic Quotient. As mentioned in Section 4, we need to define 
a measure on the quotient space Ua/(Ua n IV). The main result of [TJ allows us to define this 
measure du by expressing Ua/ (U^ntp) as a projective limit of compact spaces U^ /~tg equipped 
with a consistent family of measures du^ s \ For a similar construction over Q, see [3]. 

Recall that we fixed a coherently ordered basis B = {v\,v±,V2, ■ ■ ■} which we use as a basis 
for the vector space Vp . For s £ Z>o, set Vp s to be the F^-span of the vectors {v\, v%, . . . , v s }, 
and U us = {u G Up I u\. /X = id}. We define the restricted direct product 

V F v ,s 

Ua, s '■= Y\ &v,s with respect to the subgroups U UtS n K v , 

and let 

U^ := U a /Ua,s- 

We first note that any element u G U^ is an infinite tuple (u u )^ e y. In [2] we see that each u v 
is in the subgroup of (s + 1) x (s + 1), strictly upper triangular block matrices with entries from 

F u , where the blocks are determined by the weight spaces of V%. Moreover, we know that for all 

" (s) 

but a finite number of v, our entries are from O u . As such, we may identify Ul with n copies of 

" (s) 

A, for some n. We give Ul the topology that makes this identification a homeomorphism and 
denote this homeomorphism by cf)( s h 

Lemma A. 3. We have 

(1) U^ is a locally compact group for every s G Z>o, 

(2) U A = ^U A s) . 

s 

Proof. The first part follows from the local compactness of A and the homeomorphism <f)^ s \ In 
order to prove the second part, we first check that {U a s \tt s s ,} forms a projective system. Suppose 
we have s > s'. Then Vp s , C Vp s for all v G V, as a result we have that Ua, s C Ua,s' and 
obtain a unique surjective map 7r*/ : U^ -» u{ s ^ such that it s s , opW = p( s '\ where p^ : Ua — > 
Ua/Ua, s = U^ is the canonical projection. Now it is clear that {U A s \ir*,} is a projective system 
and we have a surjective map 

: Ua -» hmL>i s) , 

s 

such that 7r^ o $ = p( s ) for every s G Z>o, where 7i"( s ) denote the canonical projections from 
hm [7^ to U A . In order to prove the isomorphism, we only need to show that is an injective 

s 

map. 
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Suppose that x G ker($). Then x G ker(7P s ' o for every s G Z>o- By the commutativity of 
our maps, we have that x G kei(p^) for every s G Z>o, and so x G O £7&,s = {id}. Thus, $ is 

sGZ>o 

injective as well as surjective and we obtain the desired isomorphism between Ua and l^m Ul . □ 

s 

Under the homeomorphism 4>^ s \ the product measure pS- 8 ' = \i x • • • x // on A n becomes a 
Haar measure on U\ . To see this, note that the effect of left multiplication in U\ through this 
homeomorphism is affine transformation of A ra . In other words, for x and y in A n we have 

xy = A x (y) + b x , 

where A x is a linear transformation of A n and b x G A n . The invariance of ji^ is hence a direct 
result of the change of variables theorem and the fact that | det(j4 x )| = 1 for all x. 

We wish to define a measure on Ua/(Xf D Ua)- The next lemma establishes this space as a 
projective limit of compact spaces. 



Lemma A. 4. Let = p^(Fp n Ua), where p^ : Ua -» Ua/Ua, s = U^' is the canonical 
projection. Then 

(1) we have U A /(f F n U A ) = lira U^ /F^ , and 

s 

(2) for each s £ Z>o the space U^ /F^j is compact and has an invariant probability measure 
du^ induced from the measure p,^ on U^ . 

Proof. (1) Since vr|,(f ^) = f ^ , we obtain the induced projection Tt s s , : U^ /f ^? — > U^ /f^ , 
and the collection /T ? , 7ff/ } is a projective family. Then we have the natural map 



sGZ>o 

L> A - hm ?7{ s) -> £m U^ /tf . 

s s 

Considering the kernel of the map, we obtain 

u A /(r F nUA) = ^mU { A s) /f^. 

s 

(2) Recall that we can consider the space U^ to be embedded into the group of strictly upper 

* (s) 

triangular (s + 1) x (s + 1) block matrices with entries from A; similarly, can be considered as 
a discrete subspace of U^\ consisting of strictly upper triangular (s + 1) x (s + 1) block matrices 
with entries from F diagonally embedded in A. As a result, the quotient space U^ /F^y is a 
classical object and it is well known that this is a compact space. For more information see |16j . 

" (s) " (s) 

Moreover, since TV is a discrete subgroup of the unimodular group U^ , we have an invariant 

measure du^ on U^ /F ^ induced from fi^ on U^ (|16|). and we normalize du^ to have total 
measure 1. □ 
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Finally, we must prove that the measures du^ form a consistent family. The induced measure 
may be considered as the restriction of the measure to a fundamental domain for 
/T g\ For each s G Z>o, we choose a fundamental domain for /T^ such that 

7rf/(n^) = Q( s '). Then we have, for a measurable subset X of \ 

(A.5) n ft (s) ) = a (s,) (a n n^). 

Lemma A. 6. The set {du^ s '} s ^z >0 forms a consistent family of measures. 

Proof. Let 7f( s ) : fjj*' — > /f ^ be the canonical projection for s G Z>o- Suppose that A is a 
measurable set of ^- Then by our observation above 



To establish the consistency of the measures, we need to calculate ditW((7f*,) _1 (X)). Using fO]) . 
we obtain 

and we conclude these measures form a consistent family. □ 

Finally, we obtain the main result of this appendix in the following proposition. 

Proposition A. 7. There exists a unique, U A -left invariant, probability measure du on the arith- 
metic quotient U A /(U A flff). 

Proof. This follows from Lemma IA.6I and Theorem IA.1I □ 



A. 3. Measures on other spaces. Before we discuss measures on other spaces, we briefly recall 
some constructions from Section 4. With respect to our coherently ordered basis B, we fix U— p 
to be the group of strictly lower triangular block matrices and set U Wt p to be Up D wU-^fw' 1 . 
This definition works for all of our fields F u , and so we can define 

U w> a ■= Yl U w ,v with respect to U W)V n K u . 
By the decomposition (|4.3h . we know 

(A.8) U A = U w , A (U A nwU A uj- 1 ), 

and we have the covering projection 

vr' : U A /(t F nt/ F n wUfuj- 1 ) -» u A /(u A n f>). 

We define the measure du' on U a /(Ff H Uf H wUfw~ 1 ) to be the one induced from the measure 
du on U A /(U A fl r_p) through the projection 7r'. 
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In light of the decompositions (|A.8j) . our measure du' decomposes into two measures: 
(i) the measure du\ on U Wt &, and 

(ii) the measure du2 on (?7& n wU&w )/ (T f H Up n wUfw~ 1 ). 

We construct the measure dit2 by expressing this space as a projective limit of compact spaces 
equipped with a Haar probability measure. We omit the details and note that the construction 
will be very similar to our proofs regarding the construction of the measure du on Ua/(Ua HIV)- 
Using Theorem IA.1} the measure du2 is a Haar probability measure. 

To construct du\, we recall that every element of u G U W ,A takes the form 

u = Y\ Xa(s a ) , for s a E A. 

For more information, see Section 4.3. The set Aiy j+ n w~ l £±\y- is finite and of size i(w). As in 
Lemma lA.31 we have a homeomorphism from U Wj a to A^ w \ The product measure induced from 
i(w) copies of the Haar measure /u on A becomes a Haar measure on U w a, where we normalize 
/i so that n(A/F) = 1. We set dui to be this measure. 

If we consider the Haar measure n' v on F v with the normalization fj! v {O v ) = 1 for each i/EV, 
we obtain from 2.1.3 of [18] that 

(A.9) V = q {1 - 9] H^- 

V 

If we let du' lv be the measure on U Wt F„, then we have 

V 

A similar relation holds between du- for U- )W ,a and the product of measures on local components 
in Section 4.4. 
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